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Abstract
On basis of the geometric mean proposed recently by T. Ando, Chi-Kwong Li and Roy
Mathias, in this paper we present several kinds of mixed means for three or more positive
definite matrices, and prove some related mixed mean inequalities.
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1. Introduction
Very recently, Ando et al. [3] proposed a definition for geometric mean of several
positive (semi)definite matrices, which is the only one in the literature that has many
of the properties of the classical geometric mean of positive scalars.
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On basis of this geometric mean mentioned, in this paper we introduce several
kinds of mixed means for three or more positive definite matrices, which involve
the geometric mean and one of the arithmetic and harmonic means, and prove some
related mixed mean inequalities.
The inequalities established here give rise to a more elaborate mean inequality
chain than the existing matrix version of the classical arithmetic–geometric–har-
monic mean inequality chain (see (1.6) below), some of which can be viewed as
matrix versions of the corresponding inequalities given in [13,8].
It must be pointed out that more complicated mixed means and mixed mean
inequalities for positive scalars have been considered by many authors, see e.g.
[9,13,14].
First let us recall a reductive definition of the geometric mean introduced in [3] for
three or more positive (semi)definite matrices. Many other definitions of the geomet-
ric mean of two or more positive definite matrices can be found in [1–3,5,7,10,11]
and references quoted therein.
Let A1, A2 be two positive definite matrices of the same order. The geomet-
ric mean of A1, A2, denoted by G(A1, A2), was first introduced by Pusz and
Woronowicz [12]:
G(A1, A2) = A
1
2
1
(
A
− 12
1 A2A
− 12
1
) 1
2
A
1
2
1 . (1.1)
In particular, for an arbitrary positive definite matrix A,
G(I, A) = A 12 ,
where I stands for the identity matrix.
Suppose that the geometric mean G(A1, . . . , An−1) for arbitrary (n− 1) positive
definite matrices A1, . . . , An−1 is well defined.
Given n (n  3) positive definite matricesA1, . . . , An of the same order, we intro-
duce the sequence
{(
A
(k)
1 , . . . , A
(k)
n
)}
, in which A(k)j is defined recursively by
A
(0)
j = Aj , A(k)j = G
((
A
(k−1)
l
)
l /=j
)
, k = 1, 2, . . . . (1.2)
Here and in the sequel, the symbol (Bl)l /=j stands for the (n− 1)-tuple (B1, . . . ,
Bj−1, Bj+1, . . . , Bn).
Let
R(k) =
n∑
i=1
A
(k)
i , k = 0, 1, 2, . . . .
The authors of [3] proved that there exists a positive definite matrix A˜ such that
lim
k→+∞A
(k)
i = A˜, i = 1, . . . , n, (1.3)
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and the sequence {R(k)} is bounded and decreasing, i.e.,
R(k)  R(k+1), k = 0, 1, . . . . (1.4)
This implies that {R(k)} is convergent to some positive definite matrix R. By (1.3)
we have R = nA˜, or equivalently,
A˜ = 1
n
lim
k→+∞R
(k) = 1
n
R. (1.5)
In [3], such a matrix A˜ is defined to be the geometric mean G(A1, . . . , An) of
A1, . . . , An. One can check that the geometric mean of this type for positive definite
matrices has many properties that one would expect from a geometric mean.
As for positive semidefinite matrices A1, . . . , An, their geometric mean G(A1,
. . . , An) can be determined by the following limit:
G(A1, . . . , An) := lim
ε↓0 G(A1 + εI, . . . , An + εI).
Next, we lay out some properties of G(A1, . . . , An) which are useful in our
discussion. We refer to [3] for details.
P1: Consistency with scalars. If A1, . . . , An commute mutually then
G(A1, . . . , An) = (A1 . . . An) 1n .
P2: Permutation invariance. For any permutation (Ai1 , . . . , Ain) of (A1, . . . , An),
G(Ai1 , . . . , Ain) = G(A1, . . . , An).
P3: Monotonicity. The map (A1, . . . , An) → G(A1, . . . , An) is monotone, i.e., if
B1  A1, . . . , Bn  An then
G(B1, . . . , Bn)  G(A1, . . . , An)
in the positive semidefinite ordering.
P4: Congruence invariance. For any invertible matrix S,
G(S∗A1S, . . . , S∗AnS) = S∗G(A1, . . . , An)S.
P5: Joint concavity. The map (A1, . . . , An) → G(A1, . . . , An) is jointly concave,
i.e., if 0 < α < 1 then
G(αA1 + (1 − α)B1, . . . , αAn + (1 − α)Bn)
 αG(A1, . . . , An)+ (1 − α)G(B1, . . . , Bn).
P6: Self-duality.
G(A1, . . . , An) = G(A−11 , . . . , A−1n )−1.
The following continuity of the geometric mean on the set of n-tuples of positive
definite matrices is contained in Theorem 3.2 of [3].
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P7: Continuity. If each positive definite matrix sequence
{
A
(k)
i
}+∞
k=0 (1  i  n)
converges to a positive definite matrix Ai (1  i  n) as k → +∞, then
lim
k→+∞ G
(
A
(k)
1 , . . . , A
(k)
n
)
= G(A1, . . . , An).
By (1.4) and (1.5), the authors of [3] presented a matrix version of the classical
arithmetic–geometric–harmonic mean inequalities:
H(A1, . . . , An)  G(A1, . . . , An)  A(A1, . . . , An), (1.6)
in which
H(A1, . . . , An) :=
(
A−11 + · · · + A−1n
n
)−1
,
(1.7)
A(A1, . . . , An) := A1 + · · · + An
n
are called the harmonic mean and arithmetic mean of A1, . . . , An, respectively.
Remark 1. By the mathematical induction, we can verify easily that each equality
in (1.6) holds if and only if A1 = · · · = An. This is immediate also from Lemma 2.5
below.
In this paper, we will establish some more elaborate mean inequality chains than
(1.6). As for other matrix forms of the classical mean inequalities, see [2,4–6,10] and
references therein.
2. Basic lemmas
In this section, we will establish some auxiliary propositions which are useful
for our investigation later on.
First by P1, P2, and P4, we obtain a formula of the geometric mean G(A1, . . . , An)
for a special n-tuple (A1, . . . , An).
Lemma 2.1. Suppose that the n-tuple (A1, . . . , An) consists only of two positive
matrices A and B, with the multiplicities (n− p) and p, respectively. Then
G(A1, . . . , An) = G(A, . . . , A︸ ︷︷ ︸
(n−p) times
, B, . . . , B︸ ︷︷ ︸
p times
) = A 12
(
A−
1
2BA−
1
2
) p
n
A
1
2 . (2.1)
In particular, if A = I then
G(A1, . . . , An) = G( I, . . . , I︸ ︷︷ ︸
(n−p) times
, B, . . . , B︸ ︷︷ ︸
p times
) = B pn . (2.2)
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Next, P5 and the mathematical induction yield immediately the following prop-
erty of G(A1, . . . , An).
Lemma 2.2. If Aij (1  i  n, 1  j  m) are positive definite matrices, then
G

 m∑
j=1
tjA1j , . . . ,
m∑
j=1
tjAnj

  m∑
j=1
tjG(A1j , . . . , Anj ), (2.3)
where tj (1  j  m) lie in (0, 1) such that t1 + · · · + tm = 1.
As a direct consequence of Lemma 2.2 (with t1 = · · · = tm = m−1), we conclude
Lemma 2.3. If Aij (1  i  n, 1  j  m) are positive definite matrices, then
G

 m∑
j=1
A1j , . . . ,
m∑
j=1
Anj

  m∑
j=1
G(A1j , . . . , Anj ). (2.4)
Finally, the following two lemmas are necessary in proving Theorem 3.1
below. The first one can be deduced from Lemma 2.3 by choosing m = n− 1 and
(Ai1, . . . , Aim) = (Ak)k /=i for given positive definite matrices A1, . . . , An. The sec-
ond one follows from the mean inequality chain (1.6), which gives an upper bound
of G(A1, . . . , An) in terms of G(Ai, Aj ) (i /= j ).
Lemma 2.4. Let A1, . . . , An (n  3) be a sequence of positive definite matrices.
Then
G
(∑
i /=1
Ai, . . . ,
∑
i /=n
Ai
)
 2
n(n− 1)
∑
1i<jn
n−1∑
k=1
G(Ai, . . . , Ai︸ ︷︷ ︸
k times
, Aj , . . . , Aj︸ ︷︷ ︸
(n−k) times
).
(2.5)
Proof. Let π be an arbitrary permutation of (1, . . . , n). By P2 and Lemma 2.3,
we have
G
(∑
i /=1
Ai, . . . ,
∑
i /=n
Ai
)
= G
(∑
i /=1
Aπ(i), . . . ,
∑
i /=n
Aπ(i)
)
 G
(
Aπ(2), Aπ(1), . . . , Aπ(1)
)
+G (Aπ(3), Aπ(3), Aπ(2), . . . , Aπ(2))
+ · · · + G (Aπ(n), . . . , Aπ(n), Aπ(n−1)) .
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Since the number of all permutations of (1, . . . , n) is n!,
n!G

∑
i /=1
Ai, . . . ,
∑
i /=n
Ai

∑
π
[
G
(
Aπ(2), Aπ(1), . . . , Aπ(1)
)
+G (Aπ(3), Aπ(3), Aπ(2), . . . , Aπ(2))
+ · · · + G (Aπ(n), . . . , Aπ(n), Aπ(n−1)) ]
=
∑
π
n−1∑
k=1
G(Aπ(k+1), . . . , Aπ(k+1)︸ ︷︷ ︸
k times
, Aπ(k), . . . , Aπ(k)︸ ︷︷ ︸
(n−k) times
).
(2.6)
Note that each term
G(Ai, . . . , Ai︸ ︷︷ ︸
k times
, Aj , . . . , Aj︸ ︷︷ ︸
(n−k) times
) (1  k  n− 1)
for i /= j appears (n− 2)! times in the summand of the right side of (2.6), because
the number of the permutations π such that
π(k + 1) = i, π(k) = j (1  k  n− 1)
for i /= j is (n− 2)!. Thus,
n(n− 1)G

∑
i /=1
Ai, . . . ,
∑
i /=n
Ai

∑
i /=j
n−1∑
k=1
G(Ai, . . . , Ai︸ ︷︷ ︸
k times
, Aj , . . . , Aj︸ ︷︷ ︸
(n−k) times
)
= 2
∑
1i<jn
n−1∑
k=1
G(Ai, . . . , Ai︸ ︷︷ ︸
k times
, Aj , . . . , Aj︸ ︷︷ ︸
(n−k) times
).
From the last equation we deduce immediately the inequality (2.5). 
Lemma 2.5. Let A1, . . . , An (n  3) be a sequence of positive definite matrices.
Then
G(A1, . . . , An) 
2
n(n− 1)
∑
1i<jn
G(Ai, Aj ). (2.7)
Proof. Let us first consider the special case n = 3. It follows from (1.4) and (1.5)
that
G(A1, A2, A3)= A˜ = 13R 
1
3
R(1)
= 1
3
(G(A1, A2)+ G(A1, A3)+ G(A2, A3)),
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whence (2.7) holds for the case n = 3.
We assume that (2.7) holds for n = p (p  3), i.e.,
G(A1, . . . , Ap) 
2
p(p − 1)
∑
1i<jp
G(Ai, Aj ). (2.8)
It remains to prove
G(A1, . . . , Ap+1) 
2
(p + 1)p
∑
1i<jp+1
G(Ai, Aj ). (2.9)
Indeed, in view of (1.4), (1.5) and (2.8),
G(A1, . . . , Ap+1)
= A˜ = 1
p + 1R 
1
p + 1R
(1)
 G((Ai)i /=1)+ G((Ai)i /=2)+ · · · + G((Ai)i /=p+1)
p + 1
 2
(p + 1)p(p − 1)

 ∑
1i<jp+1
i,j /=1
G(Ai, Aj )+ · · · +
∑
1i<jp+1
i,j /=p+1
G(Ai, Aj )


= 2
(p + 1)p
∑
1i<jp+1
G(Ai, Aj ),
then the inequality (2.9) follows. Hence we complete the proof of the lemma. 
3. Mixed mean inequalities
In this section, we turn our attention to four types of mixed means for three or
more positive definite matrices, and derive some related matrix mean inequalities.
Let A1, . . . , An (n  3) be a sequence of positive definite matrices. We introduce
the following four types of mixed means:
(1) G˜(A1, . . . , An) := G(A((Ai)i /=1),A((Ai)i /=2), . . . ,A((Ai)i /=n));
(2) A˜(A1, . . . , An) := A(G((Ai)i /=1),G((Ai)i /=2), . . . ,G((Ai)i /=n));
(3) Gˆ(A1, . . . , An) := G(H((Ai)i /=1),H((Ai)i /=2), . . . ,H((Ai)i /=n));
(4) Hˆ(A1, . . . , An) := H(G((Ai)i /=1),G((Ai)i /=2), . . . ,G((Ai)i /=n)).
Here the symbols G, A, H are as in Section 1.
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Our goal is now to the positive semidefinite ordering of the arithmetic mean,
geometric mean, harmonic mean, and the above four types of mixed means for three
or more positive definite matrices.
The following main theorem refines upon the matrix arithmetic–geometric mean
inequality given in (1.6).
Theorem 3.1. Let A1, . . . , An (n  3) be positive definite matrices. The following
matrix mean inequalities hold:
G(A1, . . . , An)  A˜(A1, . . . , An)  G˜(A1, . . . , An)  A(A1, . . . , An).
(3.1)
Proof. Observe from (1.4) and (1.5) that
G(A1, . . . , An)= A˜ = 1
n
R  1
n
R(1)
= G((Ai)i /=1)+ G((Ai)i /=2)+ · · · + G((Ai)i /=n)
n
= A˜(A1, . . . , An).
Then the first inequality of (3.1) holds.
Furthermore, by the second inequality of (1.6), we get
G˜(A1, . . . , An)
A((Ai)i /=1)+ A((Ai)i /=2)+ · · · + A((Ai)i /=n)
n
= A1 + A2 + · · · + An
n
= A(A1, . . . , An).
This proves the last inequality of (3.1).
Now it remains to prove
A˜(A1, . . . , An)  G˜(A1, . . . , An). (3.2)
Application of Lemma 2.5 yields
A˜(A1, . . . , An)
= G((Ai)i /=1)+ G((Ai)i /=2)+ · · · + G((Ai)i /=n)
n
 2
n(n− 1)(n− 2)

 ∑
1i<jn
i,j /=1
G(Ai, Aj )+ · · · +
∑
1i<jn
i,j /=n
G(Ai, Aj )


= 2
n(n− 1)
∑
1i<jn
G(Ai, Aj ). (3.3)
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On the other hand, from Lemma 2.4 we obtain
G˜(A1, . . . , An)= G
(
1
n− 1
∑
i /=1
Ai,
1
n− 1
∑
i /=2
Ai, . . . ,
1
n− 1
∑
i /=n
Ai
)
 2
n(n− 1)2
∑
1i<jn
n−1∑
k=1
G(Ai, . . . , Ai︸ ︷︷ ︸
k times
, Aj , . . . , Aj︸ ︷︷ ︸
(n−k) times
).
(3.4)
Next it suffices to check that for all i, j (i /= j ),
n−1∑
k=1
G(Ai, . . . , Ai︸ ︷︷ ︸
k times
, Aj , . . . , Aj︸ ︷︷ ︸
(n−k) times
)  (n− 1)G(Ai, Aj ). (3.5)
By P4, without loss of the generality, we can assume that Ai = I and Aj = A. Then
(3.5) can be rewritten as
A
n−1
n + · · · + A 2n + A 1n  (n− 1)A 12 . (3.6)
Note that
A
n−1
n + · · · + A 2n + A 1n − (n− 1)A 12 = 1
2
n−1∑
k=1
(
A
k
2n − An−k2n
)2
 0.
Hence the inequality (3.6) is verified.
From (3.3), (3.4) and (3.5), we infer finally the inequality (3.2). Theorem 3.1 is
therefore proved. 
The inequality of (3.2) can be viewed as a matrix version of a special mixed
arithmetic and geometry mean inequality established in [13] for positive scalars.
Remark 2. (1) The inequality (3.6) can also be deduced from P1 and the second
inequality of (1.6) for commuting matrices.
(2) Theorem 3.1 is valid even for general positive semidefinite matrices A1,
. . . , An, which is easily shown by taking the limits from Ai + εI .
Replacing Ai by A−1i (1  i  n) in (3.1) and taking the inverse of each term,
we arrive at the following mean inequality chain, which refines upon the matrix
harmonic–geometric mean inequality given in (1.6).
Theorem 3.2. Let A1, . . . , An (n  3) be positive definite matrices. Then the
following matrix mean inequalities hold:
H(A1, . . . , An)  Gˆ(A1, . . . , An)  Hˆ(A1, . . . , An)  G(A1, . . . , An).
(3.7)
256 Y.-J. Hu et al. / Linear Algebra and its Applications 395 (2005) 247–263
Proof. Observe that since A1, . . . , An are positive definite matrices, their inverses
A−11 , . . . , A−1n are also positive matrices. Replacing each Ai by its inverse in (3.1),
we obtain
G(A−11 , . . . , A
−1
n ) A˜(A−11 , . . . , A
−1
n )
 G˜(A−11 , . . . , A
−1
n )  A(A−11 , . . . , A
−1
n ),
and therefore
A(A−11 , . . . , A
−1
n )
−1  G˜(A−11 , . . . , A
−1
n )
−1
 A˜(A−11 , . . . , A
−1
n )
−1  G(A−11 , . . . , A
−1
n )
−1. (3.8)
From P6, we check easily that the following relations hold:
H(A1, . . . , An) = A(A−11 , . . . , A−1n )−1,
G(A1, . . . , An) = G(A−11 , . . . , A−1n )−1, (3.9)
Hˆ(A1, . . . , An) = A˜(A−11 , . . . , A−1n )−1,
Gˆ(A1, . . . , An) = G˜(A−11 , . . . , A−1n )−1.
Inserting (3.9) into (3.8), we get immediately (3.7). Thus we complete the proof
of Theorem 3.2. 
Obviously, Theorems 3.1 and 3.2 give rise to a more elaborate matrix mean
inequality chain than that in (1.6).
4. Matrix version of a conjecture of Holland
Holland presented in [16] a conjecture: For any n positive scalars x1, . . . , xn, the
following inequality holds:(
n∏
i=1
x1 + · · · + xi
i
) 1
n
 1
n
n∑
i=1
i
√
x1 . . . xi . (4.1)
In 1994, Kedlaya [15] gave a proof of (4.1).
In this section, we consider a matrix version of the conjecture of Holland: For any
n positive definite matrices A1, . . . , An, whether or not the following inequality is
valid:
G˘(A1, . . . , An)  A˘(A1, . . . , An), (4.2)
in which
G˘(A1, . . . , An) = G(A1,A(A1, A2), . . . ,A(A1, . . . , An)),
A˘(A1, . . . , An) = A(A1,G(A1, A2), . . . ,G(A1, . . . , An)) (4.3)
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stand for two kinds of mixed means of A1, . . . , An, involving the arithmetic and
geometric means.
Mond and Pec˘aric´ [8] have taken the first steps towards the matrix generalization
by proving (4.2) for the case n = 2, and gave an analogue of mixed mean inequality
involving the geometry and harmonic means. In the conclusion remark of [8], they
pointed out an open question: whether or not it is possible to derive some similar
mixed mean inequalities for more than two noncommutative matrices.
The second main theme of this paper is to prove (4.2) for three noncommutative
positive definite matrices (see (4.4)) and (4.9) below.
Theorem 4.1. Let A1, A2, A3 be three positive definite matrices. Then the following
mixed mean inequality holds:
G˘(A1, A2, A3)  A˘(A1, A2, A3). (4.4)
Proof. From Lemma 2.3 we observe
G˘(A1, A2, A3)
= G
(
A1,
A1 + A2
2
,
A1 + A2 + A3
3
)
= G
(
A1 + A1 + A1 + A1 + A1 + A1
6
,
A1 + A1 + A1 + A2 + A2 + A2
6
,
A1 + A1 + A2 + A2 + A3 + A3
6
)
 1
3
G(A1, A1, A1)+ 16 (G(A1, A1, A2)+ G(A1, A2, A2))+
1
3
G(A1, A2, A3)
= 1
3
A1 + 16 (G(A1, A1, A2)+ G(A1, A2, A2))+
1
3
G(A1, A2, A3).
(4.5)
On the other hand, by P4 and P1 we have
G(A1, A1, A2)+ G(A1, A2, A2) = A
1
2
1
(
A
− 12
1 A2A
− 12
1
) 1
3
A
1
2
1 + A
1
2
1
(
A
− 12
1 A2A
− 12
1
) 2
3
A
1
2
1
= A
1
2
1
[(
A
− 12
1 A2A
− 12
1
) 1
3 +
(
A
− 12
1 A2A
− 12
1
) 2
3
]
A
1
2
1
 2A
1
2
1
(
A
− 12
1 A2A
− 12
1
) 1
2
A
1
2
1
= 2G(A1, A2). (4.6)
Combining (4.5) and (4.6), we obtain immediately the inequality (4.4). 
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Remark 3. For three positive semidefinte matrices A1, A2 and A3, Theorem 4.1 is
also valid. We can verify it by taking the limits from Ai + εI (i = 1, 2, 3).
Similarly, we may introduce two other kinds of mixed means involving the geo-
metry and harmonic means.
Let A1, . . . , An be positive definite matrices. We define
G¯(A1, . . . , An) = G(A1,H(A1, A2), . . . ,H(A1, . . . , An)),
H¯(A1, . . . , An) = H(A1,G(A1, A2), . . . ,G(A1, . . . , An)).
(4.7)
Replacing each Ai by A−1i (1  i  n), we obtain another matrix form of the
conjecture of F. Holland:
H¯(A1, . . . , An)  G¯(A1, . . . , An). (4.8)
By Theorem 4.1, we have the following:
Theorem 4.2. Let A1, A2, A3 be three positive definite matrices. Then the following
mixed mean inequality holds:
H¯(A1, A2, A3)  G¯(A1, A2, A3). (4.9)
Proof. By Theorem 4.1, we have
G˘(A−11 , A
−1
2 , A
−1
3 )  A˘(A
−1
1 , A
−1
2 , A
−1
3 ),
and therefore
A˘(A−11 , A
−1
2 , A
−1
3 )
−1  G˘(A−11 , A
−1
2 , A
−1
3 )
−1.
From P6 and (4.7), we check easily that the left and right sides of the last inequal-
ity coincide with the left and right sides of (4.9), respectively. Thus (4.9) holds. 
However, how to prove the inequality (4.2) or (4.8) for more than three noncom-
mutative matrices is still open.
5. Convergence of mixed mean sequences
This section is devoted to investigations on the convergence of some positive
definite matrix sequences involving mixed means.
We first consider the following problem:
Problem 1. Given positive definite matrices A1, . . . , An (n  3), one can take alter-
natively the arithmetic and harmonic means for (n− 1) matrices of A1, . . . , An as
A,G,A,G, . . . ,A,G, . . . . (5.1)
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Then we obtain n sequences
{
A
(k)
i
}+∞
k=0 (1  i  n), in which
A
(0)
i = Ai, i = 1, . . . , n,
and for k  1 A(k)i (1  i  n) are determined recursively by
A
(k)
i =


A
((
A
(k−1)
j
)
j /=i
)
, if k is odd,
G
((
A
(k−1)
j
)
j /=i
)
, if k is even.
(5.2)
Do these sequences converge to one and the same matrix? If so, consider in turn the
positive semidefinite ordering of the arithmetic mean, geometric mean, and this limit
matrix mentioned.
Remark 4. From (1.6) and P3, we can see that each A(k)i defined by (5.2) is no less
than A(k)i defined by (1.3). Then taking k → +∞, we have
A˜i  G(A1, . . . , An)  H(A1, . . . , An) > 0, i = 1, . . . , n.
To solve Problem 1, we define
S(k) =
n∑
i=1
A
(k)
i , k = 0, 1, 2, . . . .
From (1.6) we have
S(k)  S(k+1), k = 0, 1, 2, . . . . (5.3)
This last equation implies that {S(k)}+∞k=0 is bounded and decreasing sequence of
positive definite matrices. It is easy to check that nG(A1, . . . , An) is a lower bound
of
{
S(k)
}+∞
k=0. Thus we infer the following
Theorem 5.1. Let A(k)i (1  i  n) and S(k) be as above. Then
(1) The following limit
lim
k→+∞ S
(k) = S (5.4)
holds for some positive definite matrix S.
(2) For each i (1  i  n),
lim
k→+∞A
(k)
i =
1
n
S. (5.5)
Proof. The statement (1) is obvious. Now we prove the statement (2).
Suppose that {(A(nk)1 , . . . , A(nk)n )} be an arbitrary convergent subsequence of
{(A(k)1 , . . . , A(k)n )}, and it converges to (A˜1, . . . , A˜n). To prove A˜1 = · · · = A˜n, we
divide the subsequence {(A(nk)1 , . . . , A(nk)n )} into two cases.
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Case 1. It has a subsequence of the form {(A(2mk−1)1 , . . . , A(2mk−1)n )}.
In that case, we consider the sequence {(A(2mk)1 , . . . , A(2mk)n )}, another subse-
quence of {(A(k)1 , . . . , A(k)n )}. Note that
lim
k→+∞
(
A
(2mk−1)
1 , . . . , A
(2mk−1)
n
) = (A˜1, . . . , A˜n). (5.6)
and (
A
(2mk)
1 , . . . , A
(2mk)
n
) = (G((A(2mk−1)l )l /=1), . . . ,G((A(2mk−1)l )l /=n)).
According to P7, we have
lim
k→+∞
(
A
(2mk)
1 , . . . , A
(2mk)
n
)
= (G
((
A˜l
)
l /=1
)
, . . . ,G
((
A˜l
)
l /=n
)
. (5.7)
Then by (5.6), (5.7) and (5.4), the following equality holds:
G
((
A˜l
)
l /=1
)
+ · · · + G
((
A˜l
)
l /=n
)
= A˜1 + · · · + A˜n.
According to the second inequality of (1.6) and the conditions holding with equality,
the last equation implies that A˜1 = · · · = A˜n.
Case 2. It has a subsequence of the form {(A(2mk)1 , . . . , A(2mk)n )}.
In that case, we consider the sequence {(A(2mk+2)1 , . . . , A(2mk+2)n )}, another sub-
sequence of {(A(k)1 , . . . , A(k)n )}. Let
B
(2mk)
i =
1
n− 1
∑
l /=i
A
(2mk)
l , B˜i =
1
n− 1
∑
l /=i
A˜l, i = 1, . . . , n. (5.8)
Then
n∑
i=1
B
(2mk)
i =
n∑
i=1
A
(2mk)
i ,
n∑
i=1
B˜i =
n∑
i=1
A˜i ,
and
A
(2mk+2)
i = G
((
B
(2mk)
l
)
l /=i
)
, i = 1, . . . , n.
From P7, we have
lim
k→+∞A
(2mk+2)
i = G
((
B˜l
)
l /=i
)
, i = 1, . . . , n.
Theorem 5.1 (2) implies that
G
((
B˜l
)
l /=1
)
+ · · · + G
((
B˜l
)
l /=n
)
= B˜1 + · · · + B˜n. (5.9)
By the second inequality (1.6) and the conditions holding with equality, we de-
duce immediately from (5.9) that B˜1 = · · · = B˜n, and then from (5.8) that A˜1 =
· · · = A˜n. From (5.4) we further have
A˜1 = · · · = A˜n = n−1S. (5.10)
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This implies that each sequence {A(k)i }+∞k=0 converges to n−1S. Thus we have proven
the statement (2).
We refer to the limit n−1S in (5.10) as the mixed AG mean of the positive definite
matrices A1, . . . , An, and denote it by the symbol AG(A1, . . . , An). 
We usually associate Problem 1 with the following problem:
Problem 2. For the same positive definite matrices A1, . . . , An as in Problem 1, we
can also take alternatively the geometry and arithmetic means for (n− 1) matrices
of A1, . . . , An as
G,A,G,A, . . . ,G,A, . . . . (5.11)
Then we have the sequence
{(
B
(k)
1 , . . . , B
(k)
n
)}+∞
k=0, in which
B
(0)
i = Ai, i = 1, . . . , n,
and for k  1 B(k)i (1  i  n) are determined recursively by
B
(k)
i =


G
((
B
(k−1)
j
)
j /=i
)
, if k is odd;
A
((
B
(k−1)
j
)
j /=i
)
, if k is even.
(5.12)
Let
T (k) =
n∑
i=1
B
(k)
i , k = 0, 1, 2, . . . . (5.13)
It is easy to check that
T (k)  T (k+1), T (k)  S(k), k = 0, 1, 2, . . .
By a similar argument as above, we can prove the following result.
Theorem 5.2. Let B(k)i , T
(k) and S be defined by (5.12) and (5.13), respectively.
Then
(1) The limit
lim
k→+∞ T
(k) := T  S (5.14)
holds for some positive definite matrix T .
(2) For each i (1  i  n),
lim
k→+∞B
(k)
i =
1
n
T . (5.15)
The same limit n−1T in (5.14) is referred to as the mixed GA mean ofA1, . . . , An,
and denoted by GA(A1, . . . , An).
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We remark that the mixed AG and GA means are different mixed means even in
the scalar case. For example, we can compute
AG(1, 2, 3) = 1.9660, GA(1, 2, 3) = 1.8548.
As a consequence of Theorems 5.1 and 5.2, we have
Theorem 5.3. The following inequalities hold:
G(A1, . . . , An) GA(A1, . . . , An)
 AG(A1, . . . , An)  A(A1, . . . , An). (5.16)
If we replace A by H in Problems 1 and 2, then we obtain other two types of
sequences
{
C
(k)
i
}
and
{
D
(k)
i
}
, instead of the sequences
{
A
(k)
i
}
defined by (5.2) and
the sequence
{
B
(k)
i
}
defined by (5.12) respectively.
According to P6 and the relation
H(A1, . . . , An) = A(A−11 , . . . , A−1n )−1,
we can show each sequence
{
C
(k)
i
}+∞
k=0 converges to one and the same limit, so
does the sequence
{
D
(k)
i
}+∞
k=0. We refer to these two limits as the mixed HG and
GH means of A1, . . . , An, and denote by HG(A1, . . . , An) and GH(A1, . . . , An),
respectively.
It is not difficult to check that
HG(A1, . . . , An) = AG(A−11 , . . . , A−1n )−1,
GH(A1, . . . , An) = GA(A−11 , . . . , A−1n )−1.
Hence the following inequalities is a direct result of (5.16).
Theorem 5.4. The following inequalities hold:
H(A1, . . . , An)  GH(A1, . . . , An)  HG(A1, . . . , An)  G(A1, . . . , An).
Remark 5. For given positive definite matrices A1, . . . , An, we can consider Prob-
lems 1 and 2 but G replaced by H in (5.1) and (5.11). Then we have also two
arrays of positive definite matrix sequences and each array of positive definite matrix
sequences converge to the same positive definite matrix.
We refer to the two limits as the mixed AH and HA means of the positive def-
inite matrices A1, . . . , An, and denote them by the symbols AH(A1, . . . , An) and
HA(A1, . . . , An), respectively. In general, they differ from the geometry mean
G(A1, . . . , An). For example, in the scalar case we can compute
G(1, 2, 3) = 1.8171, AH(1, 2, 3) = 1.9325, HA(1, 2, 3) = 1.7177.
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